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Network feature-based phenotyping of leaf vein

networks of dicotyledons Leaf veins are essential

for both transpiration and translocation in plants. In
particular, the angiosperms veins have species-specific
hierarchical network structures. This complex net-
work is considered to increase photosynthetic efficiency
through resource transportation and improve robust-
ness against leaf damages. A method to quantita-
tively evaluate the leaf vein structures is required for
understanding their evolution, development, and phys-
iology. However, most previous studies have focused
on simple measurements (e.g., the length and angle of
veins). In this study, I propose a simple method for
the quantitative representation of vein networks. The
method involves three major processes: (1) extracts
the vein image from a raw leaf image; (2) converts the
vein image into a graph; (3) extracts the network fea-
tures from the graph. The network features captured
the species-specific vein network structures enough for
classifying the five plant species with 78.7
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An epidemic dynamics model in a community
with vaccinated visitors during a season For a

mathematical population dynamics model, we inves-
tigated the effects of acceptance of visitors on the epi-
demic dynamics of a community with ongoing vacci-
nation during a season. From our analysis on the
model, we found that the effect of visitors on the
epidemic dynamics depends on the disease situation
of the community before the acceptance of visitors.
When the epidemic is suppressed without visitors, the
acceptance of a sufficiently large number of visitors
could lead to an epidemic outbreak, if the proportion
of vaccinated visitors is not sufficiently large. When
the epidemic outbreaks in the community without vis-
itors, the acceptance of large number of visitors with
sufficiently high proportion of vaccinated visitors may
suppress the outbreak. Our result demonstrated that
depending on the epidemic situation in the commu-
nity without visitors, the acceptance of visitors may
either lead to an outbreak or suppress the outbreak,
if the number of visitors and proportion of vaccinated
individuals are within a certain critical region.
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[Michael A. Savageau & AAREZENRFIIFHE]
Revealing System Design Principles in Bio-

chemical and Ecological Models: A Conversa-
tion with Professor Marc Mangel

Michael A. Savageau*

RN

Background

I have been asked by Professor Shigehide Iwata
of the Japanese Society for Mathematical Biology to
write a short paper on the Okubo Prize or my re-
search interests. I agreed, and this paper is the result
of a conversation with Professor Marc Mangel. This
conversation begins with Prof. Mangel briefly noting
the importance of reaction-diffusion systems in the
study of both cellular biology and ecology. The con-
versation then proceeds with an introduction of new
methods from our recent research in the context pro-
vided by analogous systems from biochemistry and
ecology. I show how we would analyze these systems,
highlighting similarities and differences among the re-
sults obtained, and Prof. Mangel raises questions
for clarification and notes opportunities for further
cross-fertilization. Together we identify areas requir-
ing further development of the methods, in the hopes
of stimulating the next generation to take up the chal-

lenge.

Conversation

MAS(Michael A. Savageau): Before we begin, I would
like to thank the Society for Mathematical Biology for
finding my work worthy of the Okubo Prize. I was
honored to be the 2021 recipient for my work on bio-
chemical systems theory and mathematical tools for
computer-assisted analysis. Since there are similari-
ties between the types of equations used to represent
biochemical and ecological systems, and since you are
a mathematical ecologist who knew Professor Okubo
and have contributed to the study on ocean environ-
ments, I would like to explore the potential utility of
our methods in ecology.

MM (Marc Mangel): Congratulations on receiving the
great honor of the Okubo prize. Before we begin,
I want to make two points. First, that you are in

*Department of Microbiology and Molecular Ge-
netic, The University of California, Davis, CA
95616 USA

a biological sciences rather than mathematical sci-
ences department attests to the maturity of mathe-
matical biology as a distinguishable field. Second, I
am thrilled that you are at UC Davis where I worked
(1980-1996) to develop mathematical biology across
the campus but regret that we never overlapped. To
the questions: Akira Okubo made many contributions
in mathematical biology including study of reaction-
diffusion systems that are key to many models in
ecology. The recent review by Krause et.al. (2020)
establishes their historical context based on the clas-
sical papers by Turing, reviews the current status of
the field, and identifies areas ripe for further devel-
opment. How do you see your work fitting into this
picture?

MAS: I share the same general framework, but have a
particular focus on current bottlenecks to applications
involving large systems with mechanistically realistic
nonlinearities, in particular applications to biochemi-
cal systems.

MM: What do you consider to be the most significant
bottlenecks?

MAS:In my view, there are two issues that are espe-
cially troublesome at the beginning of a study when
there are many unknowns. (1) Mathematical analyses
are largely restricted to linear and near-nonlinear be-
havior about fixed points. The parameters in the re-
sults are not directly related to the underlying mech-
anistic parameters and, for many practical applica-
tions, one needs at least rough parameter values to
properly locate the local analysis. (2) To deal with
the nonlinearities in a more global fashion, one must
resort to computer simulation. There is an immediate
need to obtain numerical values for numerous parame-
ters with unknown value. This typically involves some
combination of experimental measurements, parame-
ter estimation from data, dense sampling of parame-
ter space, statistical analysis, and educated guessing.
Once a particular parameterization is in hand, nu-
merous simulations are still needed to explore a large
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parameter space to reveal the phenotypic repertoire
of the model. Both these limitations ultimately arise
from the lack of a global perspective on a model ’ s
phenotypic landscape.

MM: Wow. This is a very important topic in ecology,
so tell me more about how do your methods provide
such a perspective and overcome the parameterization
bottleneck?

MAS: That is a common reaction, especially in light
of the long history of work on reaction-diffusion sys-
tems in which this parameter values bottleneck arises.
However, it is already a major limitation even in the
homogeneous case without diffusion, which is where
we have focused our efforts to date. Perhaps we could
postpone our discussion of the case with diffusion un-
til I can make the issues more concrete. Let us con-
sider two simple analogous models one from each of
the two fields. First, a simple model of a biosyn-
thetic pathway in a bacterium growing exponentially
is shown in Fig. 1A. Substrate S is supplied at a
constant rate from So, which has a fixed external sub-
strate concentration. Substrate S is lost by enzymatic
conversion to the intermediate A, which in turn is con-
verted enzymatically to the stable non-metabolizable
product B. The conversion of S to A is inhibited by the
product B. The concentration of substrate S, interme-
diate A and product B are all reduced by dilution due
to exponential growth. The enzyme concentrations
are constant.

MM: From my knowledge of metabolism, this seems
strange. I would expect the product B to be further
metabolized in the cell.

MAS: You are correct, this is contrived to force the
analogy with the ecological example. However, you
could consider B to be of commercial value, the cells
to be growing exponentially in a steady-state chemo-
stat, and the cell has been engineered by deleting the
enzymes that would otherwise metabolize B in order
to concentrate it in the cell for harvesting. In any
case, this model will be useful in the later compar-
isons. The analogous model of a predator-prey sys-
tem, taken from the literature (Uszko et al, 2015), is
shown in Fig. 1B. Mineral N is supplied at a constant
rate from Nin, which has a fixed external concentra-
tion. Mineral N is consumed by exponential growth
of the prey R, which are consumed by exponential
growth of the predator G, which in turn decompose
and are recycled back to N. The mineral N, prey R
and predator G are all lost by out-flow from the sys-
tem. The differential equations for the biochemical

model and the predator-prey model are shown in Fig.
1C and Fig. 1D, respectively. Note that I have ex-
pressed the kinetic parameters in this way here

only to show the relatedness to the biochemical
equivalents; however, for the analysis, I will use the
original equations expressed in terms of a and h.

MM: I have experience with predator-prey models, meth-
ods for estimating their parameter values, and analyt-
ical and computational methods for their analysis. It
seems to me that Uszko et al have done nicely with an
analytical treatment of this example; will your anal-
ysis give us some new information here?

MAS: I selected this example to facilitate comparisons
betweern the different approaches to the same simpe
system. This example also reveals another analogy
between the models in Fig. 1. In the biochemical
model, there is multiplicative feedback reducing the
consumption of S; whereas in the predator-prey model
there is an additive feedbck augmenting the supply of
N. The net effect in each case is to create a nega-
tive feedback mechanism, which acts to regulate ef-
fectively concentrations within the system. I will have
more to say about this shortly.

MM: This is an interesting analogy, but we got di-
verted from your treatment of the concrete examples.
However, before the details, can you give me a general
overview?

MAS: We have proposed the first, to the best of my
knowledge, rigorous mathematical definition of a ‘bio-
chemical phenotype ’ based on model architecture
and a novel decomposition of the complex nonlinear
functions based on the underlying chemical and bio-
chemical kinetic mechanisms. The architectural fea-
tures are the players, connections, and stoichiome-
try. They embody one ’ s current working hypothe-
sis, but lack values for the numerous kinetic param-
eters. The decomposition uses only linear algebra in
a logarithmic space to identify phenotypes character-
ized by parameter values that lie within rigorously-
defined polytopes in the space of the model param-
eters. Moreover, a linear program predicts a repre-
sentative set of parameter values for any phenotype
of interest. This approach links experimetally observ-
able biological phenotypes with specific regions in the
space of underlying biochemical parameters to pro-
duce a finite, chunked and highly structured System
Design Space. This method of design space analy-
sis enables a novel “phenotype-centric” modeling
strategy that allows enumeration of a model’ s pheno-

typic repertoire without sampling, simulation or prior
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Figure 1. Comparison of a simple biochemical pathway (A) and a simple ecological food web (B). Schematic
models (C,D) and differential equations (E,F). For the biochemical system (C), the resource S, has a flowrate D
into the system. The first enzymatic step has maximum velocity Vs, the concentration of S for half-maximal
activation is Ks, the concentration of B for half-maximal inhibition is Kg, and the degree of cooperativity for both S
and B is n. The second enzymatic step has maximum velocity V4 and the concentration of A for half-maximal
activation is Ka. The substrate S, intermediate A and product B are all lost by exponential dilution rate D. For the
predator-prey system (D), the resource Nj; has a flowrate D into the system. The growth rate of prey has a
maximum given by r and the concentration of N for the-maximal growth rate is given by Ny. The growth rate of
predator G is a fraction e of the rate of prey consumption, has maximum given by 1/h, and a concentration of R
for half-maximal rate given by 1/ah)*(1/b), where the degree of cooperativity is b. G is recycled back to N with a
first-order rate constant m. Mineral N, prey R and predator G are all lost with first-order rate constant D. Note that
the differential equations for S (E) and N (F) can be replaced by the algebraic equations S,=5S+A+B and
Nin=N+QrR+Q:G, respectively. This is a consequence of flux balance, with R and G converted to their mineral

composition in the latter case.

knowledge of parameter values. For any phenotype of
interest, it also enables prediction of parameter val-
ues, along with various systemic properties they de-
termine (Valderrama-Goémez et al., 2018). This strat-
egy is particularly useful at the early stages of an in-
vestigation when little is known. Analysis using this
strategy has been automated in a freely available De-
sign Space Toolbox (Valderrama-Gémez et al., 2020)
capable of performing many operations, most beyond
the scope of this conversation; but, I can give a few
examples that hint at what can be done.

MM: Please tell me more abou the Design Space Tool-
box.

MAS: The Design Space Toolbox has a number of
‘ clickable > commands. The first one typically used
is to enumerate automatically the pheotypic reper-
toire. In the case of the biochemical model, the Sys-
tem Design Space is a 7-dimensional space of param-
eters with 10 phenotypes; In the case of the predator-
prey model, it is a 10-dimensional space of parameters
with 16 phenotypes.

MM: Those are high-dimensional parameter spaces that
I imagine would make it difficult to explore and ana-
lyze, yet alone visualize the results.

MAS: Yes, the System Design Space is a high-dimensional
object. However, the Toolbox allows us to find a slice
that maximizes the number of phenotypes that can
be visualized in one view. The maximum for the
biochemical system is 10, whereas for the predator-
prey system it is 8. The Design Spaces for the bio-
chemical system with n=2 (Fig. 2A) and n=1 (Fig.
3A) and for the predator-prey system with b=2 (Fig.
2B) and b=1 (Fig. 3B) are shown using a slice that
exhibits the maximum number of phenotypes. The
slice parameters are the environmental parameters D
and So for the biochemical model and D and Nin for
the predator-prey model. All the other parameters
are genetically-determined and have values that cor-
respond to organisms with a particular genotype. The
Design Space shows the phenotypes that organisms
with these genotypes are capable of exhibiting for any

combination of the environmental parameters. We
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also could examine pairs of genetically-determined pa-

chemical and predator-prey models involve negative

rameters or mixed pairs of genetically- and environmentally- feedback with the potential to regulate intermediate

determined parameters to study mutation and evolu-
tion.

MM: What is the meaning of the white areas in the
predator-prey case?

MAS: For this model there is a steady-state solution
(phenotype) with N = Nin, R = 0 and G = 0 through-
out the entire System Design Space that is hidden by
the phenotypes with non-zero solutions, and it is re-
vealed in the white regions where there are no phe-
notypes with non-zero steady state solutions. Once
this zero state is reached, there is no possibility of
resurrecting the organisms from extinction. This is
very rarely the case in biochemical systems; thus, our
Design Space Toolbox has not had to deal with this
situation and so it will have to be extended to treat
these cases automatically in the future. The com-
mand to enumerate the repertoire also provides for
each phenotype the number of eigenvalues with posi-
tive real part and the existence of complex conjugate
pairs. There also is a plot command that shows the
number of eigenvalues with positive real part as a heat
map. For the biochemical model with n=2 or n=1,
phenotype 23 has a stable focus and all other pheno-
types have a stable node (Fig. 2C and Fig. 3C). In
the case of the predator-prey model with b=2, pheno-
types 1, 7 and 55 have a stable focus and phenotypes
13, 19, 49, 145 and 151 have a stable node (Fig. 2D);

however, with b=1, all phenotypes have a marginally
unstable (Fig. 3D). These results are obtained with-
out sampling the full parameter space or solving the
differential equations.

MM: What is the meaning of all the green lines in Fig.
3D?

MAS: The solid block of blue with value 1, indicative
of exponentially diverging instability, implies the only
stable steady state is then the zero state. The areas
of mixed green and blue are the result of marginal
stability and noise due to machine precision; if b is
made an epsilon less than 1 these areas become solid
with a value of 2, indicative of growing oscillatory
instability, whereas if b is made an epsilon greater
than 1 these areas become solid with a value of 0,
indicative of damped oscillatory stability.

MM: These stability results are a special case of the
well-known result that Holling Type III nonlinearity
tends to promote the stability of ecological models.

MAS: Yes, I learned this from the paper by Uszko,
et al. (2015). As I mentioned earlier, both the bio-

species. This is seen in Fig. 2E for the biochemical
model, where the value of B is nearly constant for
phenotypes 5, 11, 15, 17, 21 and 23, and in Fig. 2F
for the predator-prey model, where the value of R is
nearly constant for phenotypes 1, 7, 49, 55, 145 and
151.

MM: How tight is this control? In other words, how
likely is it that a perturbed system might go extinct?

MAS: This is a more complex issue that is largely
determined by stochastics, stability of the non-zero
steady states, and initial conditions. Stochastics are
beyond the scope of this discussion and would require
extending the tools by a Langevin approximation or
by a fully stochastic simulation approach. The insta-
bility is manifested in some cases as an exponential
approach to the zero state. In others, the instability
is an oscillation with an exponentially growing ampli-
tude, and once the concentration of R reaches zero,
the concentration of G follows exponentially to zero
as well. Initial conditions can also play a role even
when the phenotype solution is stable, because initial
transients may lead to the loss of prey. In more re-
alistic cases, we would also have to deal with spatial
considerations.

MM: How accurate are these predictions?

MAS: That is an excellent question that gets to the
heart of our methods. Because the definition of phe-
notype involves dominance among terms in the orig-
inal equations, the accuracy is greatest near the cen-
troid of the phenotype ’ s polytope and least at the
boundaries between phenotype polytopes where there
is no dominance by definition. Thus, they should be
considered as guides for the design of experimental
tests and as starting points for refinement using tra-
ditional optimization methods. One way to evaluate
the accuracy of the Design Space analysis is to com-
pare results of its “titration” command with results of
traditional bifurcation analysis of the original system.
First, let me expand on some landmarks in the Sys-
tem Design Space for the predator-prey system with
b=2. The colored regions in Fig. 4A indicate pheno-
types for which all system variables N, R and G have
non-zero values. The white region between the verti-
cal Blue and Red lines, to the right of phenotypes 13
and 19, indicates phenotypes for which the variables
N and R are non-zero and G is zero; the left bound-
ary of this region is given by D=e/h, the maximum
growth rate of the predator, and the right boundary
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is given by D=r, the maximum growth rate of the
prey. The inclined portion of the Red line represents
the limit imposed on prey growth by available input
mineral Nin as well as D. Thus, the white regions
above and to the left of the Red lines can only sup-
port the growth of prey R. The area to the right and
below the Red lines indicates phenotypes for which
both predator G and prey R are zero and N=Nin. In
Fig. 4B the values of mineral N (Black), predator G
(Red) and prey R (Blue) in the original system are
shown as a function of the bifurcation parameter D
with Nin=10. The values are nearly constant for phe-
notypes 151, 55 and 7; limit cycle oscillations occur
with phenotype 19; predator levels go to zero as the
boundary D=e/h is reached; finally, the prey levels
go to zero as the boundary D=r is reached. The val-
ues of SDS-N (Orange), SDS-G (Green) and SDS-R
(Purple) are the corresponding values predicted by
titration with the Design Space Toolbox. The results
closely agree (Blue vs. Purple, Red vs. Green, Black

vs. Orange) up to the point where the predator levels
go to zero. (Once one of the variables goes to zero,
none of the variables can be determined in the current
version of the Design Space Toolbox. As mentioned
earlier, this capability needs to be added to the Tool-
box to be fully applicable to these ecological models.)
Similar results are shown in Fig. 4C when Nin=0.1.
The values are nearly constant for phenotypes 145, 49
and 1, prey levels go to zero at the boundary D=m
between phenotypes 1 and 13 (and at the inclined Red
line predicted by phenotype boundaries in the Design

Space analysis), and predator levels go to zero some-
what earlier. Note that discrepancies are greatest
at the far-right boundary. In Fig. 4D there are no
corresponding results from the Design Space analy-
sis, again for the reasons mentioned earlier; however,
the value of D at which the prey levels go to zero
match closely to the value at the inclined Red line,
as predicted from Design Space analysis. The Sys-
tem Design Space for the predator-prey system with
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b=1 shown in Fig. 4E is qualitatively similar to that
with b=2 shown in Fig. 4A. However, because the
system is much less stable the bifurcation analysis is
more difficult. For values of Nin greater than approx-
imately 0.21 the only solution is that with N=Nin
and G=R=0. The solutions are limit cycles for phe-
notypes 145, 49 and 1 in Fig. 4F and Fig. 4G, and
the values of SDS-G and SDS-N overlap. Note that
the amplitude of the oscillations increases with the
value of Nin. The results in Fig. 4H are identical to
those in Fig. 4D.

MM: The accuracy is qualitatively good and could be
made more quantitative. I grasp intuitively where
some of the boundaries come from; for others I would
like to have more details. I can see how this might
“jump-start” the study of a largely unknown system,
but can you tell me more about how do your methods
complement or extend current approaches?

MAS: One needs parameter values for a local analy-
sis of fixed points, for the propensity functions in a
stochastic simulation, and for sampling a large space
of model structures and parameters during ensemble
modeling. This is the ‘parameter values bottleneck ’
at the early stage of any analysis. Design Space anal-
ysis, which can be done without prior knowledge of
values, first identifies a model’ s phenotypic repertoire
and then predicts parameter values for the realiza-
tion of each phenotype. The ‘chunking’ of parame-
ter space, structured into space-filling polytopes with
qualitatively distinct behavior, can provide a good
starting point for most analyses. In the case of en-
semble modeling, it can improve sampling by avoid-
ing over-sampling of large polytopes that yield the
same phenotypic behavior and missing other pheno-
typic behaviors by under-sampling small polytopes.

MM: An obvious issue that arises in all modeling ap-
proaches is how it scales with problem size. How do
your methods scale?

MAS: The methods scale with the number of combina-
tions of monomials in the original system, and this can
be a large number. However, the analysis of each phe-
notype is a separate linear problem, which makes it
what computer scientists call an ‘embarrassingly par-
allelizable = problem. Without resorting the parallel
computing, we have used a laptop to analyze systems
generating millions of phenotypes. The limiting task
is typically not the analysis but the interpretation of
the results. Automatic filtering of the repertoire for
phenotypes of interest using several established filters

(Valderrama-Gémez et.al., 2018) has proved fruitful,
and others will undoubtedly find useful filters of their
own.

MM: The natural starting point for these kinds of prob-
lems is the spatially homogeneous system. How might
your methods be extended to deal with the full reaction-
diffusion models of ecological interest?

MAS: The simplest approach is to discretize space and
augment the reaction terms within a region by diffu-
sion terms between neighboring regions. The diffu-
sion/transport terms could be rational functions and
our methods would apply in principle. Scaling would
become more of an issue and depend on the grid size.
We have only looked at very small grids with first-
order diffusion constants, but we have observed spots
and stripes. I would love to pursue this topic further,
but since the efficient implementation of parallel al-
gorithms for solving PDEs is beyond my expertise, a
more serious exploration of the full reaction-diffusion
models would require an interested collaborator.

MM: I think that Akira Okubo would also be delighted
to know that you received the prize named after him.
Do you see future collaborations with mathematical
ecologists or biological oceanographers? Have you
thought about ways to get colleagues to explore using
the Design Space Toolbox?

MAS: T would be delighted to engage in such collabo-
rations, and anyone interested in the use of the Design

Space Toolbox can contact me (masavageau@ucdavis.edu)

for a Zoom meeting to provide a step-by-step tutorial.
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[Michael A. Savageau & AAREZENRFIIFHE]
Revealing System Design Principles in Bio-

chemical and Ecological Models: A Conversa-
tion with Professor Marc Mangel

Michael A. Savageau*

RN

Background

I have been asked by Professor Shigehide Iwata
of the Japanese Society for Mathematical Biology to
write a short paper on the Okubo Prize or my re-
search interests. I agreed, and this paper is the result
of a conversation with Professor Marc Mangel. This
conversation begins with Prof. Mangel briefly noting
the importance of reaction-diffusion systems in the
study of both cellular biology and ecology. The con-
versation then proceeds with an introduction of new
methods from our recent research in the context pro-
vided by analogous systems from biochemistry and
ecology. I show how we would analyze these systems,
highlighting similarities and differences among the re-
sults obtained, and Prof. Mangel raises questions
for clarification and notes opportunities for further
cross-fertilization. Together we identify areas requir-
ing further development of the methods, in the hopes
of stimulating the next generation to take up the chal-

lenge.

Conversation

MAS(Michael A. Savageau): Before we begin, I would
like to thank the Society for Mathematical Biology for
finding my work worthy of the Okubo Prize. I was
honored to be the 2021 recipient for my work on bio-
chemical systems theory and mathematical tools for
computer-assisted analysis. Since there are similari-
ties between the types of equations used to represent
biochemical and ecological systems, and since you are
a mathematical ecologist who knew Professor Okubo
and have contributed to the study on ocean environ-
ments, I would like to explore the potential utility of
our methods in ecology.

MM (Marc Mangel): Congratulations on receiving the
great honor of the Okubo prize. Before we begin,
I want to make two points. First, that you are in

*Department of Microbiology and Molecular Ge-
netic, The University of California, Davis, CA
95616 USA

a biological sciences rather than mathematical sci-
ences department attests to the maturity of mathe-
matical biology as a distinguishable field. Second, I
am thrilled that you are at UC Davis where I worked
(1980-1996) to develop mathematical biology across
the campus but regret that we never overlapped. To
the questions: Akira Okubo made many contributions
in mathematical biology including study of reaction-
diffusion systems that are key to many models in
ecology. The recent review by Krause et.al. (2020)
establishes their historical context based on the clas-
sical papers by Turing, reviews the current status of
the field, and identifies areas ripe for further devel-
opment. How do you see your work fitting into this
picture?

MAS: I share the same general framework, but have a
particular focus on current bottlenecks to applications
involving large systems with mechanistically realistic
nonlinearities, in particular applications to biochemi-
cal systems.

MM: What do you consider to be the most significant
bottlenecks?

MAS:In my view, there are two issues that are espe-
cially troublesome at the beginning of a study when
there are many unknowns. (1) Mathematical analyses
are largely restricted to linear and near-nonlinear be-
havior about fixed points. The parameters in the re-
sults are not directly related to the underlying mech-
anistic parameters and, for many practical applica-
tions, one needs at least rough parameter values to
properly locate the local analysis. (2) To deal with
the nonlinearities in a more global fashion, one must
resort to computer simulation. There is an immediate
need to obtain numerical values for numerous parame-
ters with unknown value. This typically involves some
combination of experimental measurements, parame-
ter estimation from data, dense sampling of parame-
ter space, statistical analysis, and educated guessing.
Once a particular parameterization is in hand, nu-
merous simulations are still needed to explore a large
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parameter space to reveal the phenotypic repertoire
of the model. Both these limitations ultimately arise
from the lack of a global perspective on a model ’ s
phenotypic landscape.

MM: Wow. This is a very important topic in ecology,
so tell me more about how do your methods provide
such a perspective and overcome the parameterization
bottleneck?

MAS: That is a common reaction, especially in light
of the long history of work on reaction-diffusion sys-
tems in which this parameter values bottleneck arises.
However, it is already a major limitation even in the
homogeneous case without diffusion, which is where
we have focused our efforts to date. Perhaps we could
postpone our discussion of the case with diffusion un-
til I can make the issues more concrete. Let us con-
sider two simple analogous models one from each of
the two fields. First, a simple model of a biosyn-
thetic pathway in a bacterium growing exponentially
is shown in Fig. 1A. Substrate S is supplied at a
constant rate from So, which has a fixed external sub-
strate concentration. Substrate S is lost by enzymatic
conversion to the intermediate A, which in turn is con-
verted enzymatically to the stable non-metabolizable
product B. The conversion of S to A is inhibited by the
product B. The concentration of substrate S, interme-
diate A and product B are all reduced by dilution due
to exponential growth. The enzyme concentrations
are constant.

MM: From my knowledge of metabolism, this seems
strange. I would expect the product B to be further
metabolized in the cell.

MAS: You are correct, this is contrived to force the
analogy with the ecological example. However, you
could consider B to be of commercial value, the cells
to be growing exponentially in a steady-state chemo-
stat, and the cell has been engineered by deleting the
enzymes that would otherwise metabolize B in order
to concentrate it in the cell for harvesting. In any
case, this model will be useful in the later compar-
isons. The analogous model of a predator-prey sys-
tem, taken from the literature (Uszko et al, 2015), is
shown in Fig. 1B. Mineral N is supplied at a constant
rate from Nin, which has a fixed external concentra-
tion. Mineral N is consumed by exponential growth
of the prey R, which are consumed by exponential
growth of the predator G, which in turn decompose
and are recycled back to N. The mineral N, prey R
and predator G are all lost by out-flow from the sys-
tem. The differential equations for the biochemical

model and the predator-prey model are shown in Fig.
1C and Fig. 1D, respectively. Note that I have ex-
pressed the kinetic parameters in this way here

only to show the relatedness to the biochemical
equivalents; however, for the analysis, I will use the
original equations expressed in terms of a and h.

MM: I have experience with predator-prey models, meth-
ods for estimating their parameter values, and analyt-
ical and computational methods for their analysis. It
seems to me that Uszko et al have done nicely with an
analytical treatment of this example; will your anal-
ysis give us some new information here?

MAS: I selected this example to facilitate comparisons
betweern the different approaches to the same simpe
system. This example also reveals another analogy
between the models in Fig. 1. In the biochemical
model, there is multiplicative feedback reducing the
consumption of S; whereas in the predator-prey model
there is an additive feedbck augmenting the supply of
N. The net effect in each case is to create a nega-
tive feedback mechanism, which acts to regulate ef-
fectively concentrations within the system. I will have
more to say about this shortly.

MM: This is an interesting analogy, but we got di-
verted from your treatment of the concrete examples.
However, before the details, can you give me a general
overview?

MAS: We have proposed the first, to the best of my
knowledge, rigorous mathematical definition of a ‘bio-
chemical phenotype ’ based on model architecture
and a novel decomposition of the complex nonlinear
functions based on the underlying chemical and bio-
chemical kinetic mechanisms. The architectural fea-
tures are the players, connections, and stoichiome-
try. They embody one ’ s current working hypothe-
sis, but lack values for the numerous kinetic param-
eters. The decomposition uses only linear algebra in
a logarithmic space to identify phenotypes character-
ized by parameter values that lie within rigorously-
defined polytopes in the space of the model param-
eters. Moreover, a linear program predicts a repre-
sentative set of parameter values for any phenotype
of interest. This approach links experimetally observ-
able biological phenotypes with specific regions in the
space of underlying biochemical parameters to pro-
duce a finite, chunked and highly structured System
Design Space. This method of design space analy-
sis enables a novel “phenotype-centric” modeling
strategy that allows enumeration of a model’ s pheno-

typic repertoire without sampling, simulation or prior
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Figure 1. Comparison of a simple biochemical pathway (A) and a simple ecological food web (B). Schematic
models (C,D) and differential equations (E,F). For the biochemical system (C), the resource S, has a flowrate D
into the system. The first enzymatic step has maximum velocity Vs, the concentration of S for half-maximal
activation is Ks, the concentration of B for half-maximal inhibition is Kg, and the degree of cooperativity for both S
and B is n. The second enzymatic step has maximum velocity V4 and the concentration of A for half-maximal
activation is Ka. The substrate S, intermediate A and product B are all lost by exponential dilution rate D. For the
predator-prey system (D), the resource Nj; has a flowrate D into the system. The growth rate of prey has a
maximum given by r and the concentration of N for the-maximal growth rate is given by Ny. The growth rate of
predator G is a fraction e of the rate of prey consumption, has maximum given by 1/h, and a concentration of R
for half-maximal rate given by 1/ah)*(1/b), where the degree of cooperativity is b. G is recycled back to N with a
first-order rate constant m. Mineral N, prey R and predator G are all lost with first-order rate constant D. Note that
the differential equations for S (E) and N (F) can be replaced by the algebraic equations S,=5S+A+B and
Nin=N+QrR+Q:G, respectively. This is a consequence of flux balance, with R and G converted to their mineral

composition in the latter case.

knowledge of parameter values. For any phenotype of
interest, it also enables prediction of parameter val-
ues, along with various systemic properties they de-
termine (Valderrama-Goémez et al., 2018). This strat-
egy is particularly useful at the early stages of an in-
vestigation when little is known. Analysis using this
strategy has been automated in a freely available De-
sign Space Toolbox (Valderrama-Gémez et al., 2020)
capable of performing many operations, most beyond
the scope of this conversation; but, I can give a few
examples that hint at what can be done.

MM: Please tell me more abou the Design Space Tool-
box.

MAS: The Design Space Toolbox has a number of
‘ clickable > commands. The first one typically used
is to enumerate automatically the pheotypic reper-
toire. In the case of the biochemical model, the Sys-
tem Design Space is a 7-dimensional space of param-
eters with 10 phenotypes; In the case of the predator-
prey model, it is a 10-dimensional space of parameters
with 16 phenotypes.

MM: Those are high-dimensional parameter spaces that
I imagine would make it difficult to explore and ana-
lyze, yet alone visualize the results.

MAS: Yes, the System Design Space is a high-dimensional
object. However, the Toolbox allows us to find a slice
that maximizes the number of phenotypes that can
be visualized in one view. The maximum for the
biochemical system is 10, whereas for the predator-
prey system it is 8. The Design Spaces for the bio-
chemical system with n=2 (Fig. 2A) and n=1 (Fig.
3A) and for the predator-prey system with b=2 (Fig.
2B) and b=1 (Fig. 3B) are shown using a slice that
exhibits the maximum number of phenotypes. The
slice parameters are the environmental parameters D
and So for the biochemical model and D and Nin for
the predator-prey model. All the other parameters
are genetically-determined and have values that cor-
respond to organisms with a particular genotype. The
Design Space shows the phenotypes that organisms
with these genotypes are capable of exhibiting for any

combination of the environmental parameters. We
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also could examine pairs of genetically-determined pa-

chemical and predator-prey models involve negative

rameters or mixed pairs of genetically- and environmentally- feedback with the potential to regulate intermediate

determined parameters to study mutation and evolu-
tion.

MM: What is the meaning of the white areas in the
predator-prey case?

MAS: For this model there is a steady-state solution
(phenotype) with N = Nin, R = 0 and G = 0 through-
out the entire System Design Space that is hidden by
the phenotypes with non-zero solutions, and it is re-
vealed in the white regions where there are no phe-
notypes with non-zero steady state solutions. Once
this zero state is reached, there is no possibility of
resurrecting the organisms from extinction. This is
very rarely the case in biochemical systems; thus, our
Design Space Toolbox has not had to deal with this
situation and so it will have to be extended to treat
these cases automatically in the future. The com-
mand to enumerate the repertoire also provides for
each phenotype the number of eigenvalues with posi-
tive real part and the existence of complex conjugate
pairs. There also is a plot command that shows the
number of eigenvalues with positive real part as a heat
map. For the biochemical model with n=2 or n=1,
phenotype 23 has a stable focus and all other pheno-
types have a stable node (Fig. 2C and Fig. 3C). In
the case of the predator-prey model with b=2, pheno-
types 1, 7 and 55 have a stable focus and phenotypes
13, 19, 49, 145 and 151 have a stable node (Fig. 2D);

however, with b=1, all phenotypes have a marginally
unstable (Fig. 3D). These results are obtained with-
out sampling the full parameter space or solving the
differential equations.

MM: What is the meaning of all the green lines in Fig.
3D?

MAS: The solid block of blue with value 1, indicative
of exponentially diverging instability, implies the only
stable steady state is then the zero state. The areas
of mixed green and blue are the result of marginal
stability and noise due to machine precision; if b is
made an epsilon less than 1 these areas become solid
with a value of 2, indicative of growing oscillatory
instability, whereas if b is made an epsilon greater
than 1 these areas become solid with a value of 0,
indicative of damped oscillatory stability.

MM: These stability results are a special case of the
well-known result that Holling Type III nonlinearity
tends to promote the stability of ecological models.

MAS: Yes, I learned this from the paper by Uszko,
et al. (2015). As I mentioned earlier, both the bio-

species. This is seen in Fig. 2E for the biochemical
model, where the value of B is nearly constant for
phenotypes 5, 11, 15, 17, 21 and 23, and in Fig. 2F
for the predator-prey model, where the value of R is
nearly constant for phenotypes 1, 7, 49, 55, 145 and
151.

MM: How tight is this control? In other words, how
likely is it that a perturbed system might go extinct?

MAS: This is a more complex issue that is largely
determined by stochastics, stability of the non-zero
steady states, and initial conditions. Stochastics are
beyond the scope of this discussion and would require
extending the tools by a Langevin approximation or
by a fully stochastic simulation approach. The insta-
bility is manifested in some cases as an exponential
approach to the zero state. In others, the instability
is an oscillation with an exponentially growing ampli-
tude, and once the concentration of R reaches zero,
the concentration of G follows exponentially to zero
as well. Initial conditions can also play a role even
when the phenotype solution is stable, because initial
transients may lead to the loss of prey. In more re-
alistic cases, we would also have to deal with spatial
considerations.

MM: How accurate are these predictions?

MAS: That is an excellent question that gets to the
heart of our methods. Because the definition of phe-
notype involves dominance among terms in the orig-
inal equations, the accuracy is greatest near the cen-
troid of the phenotype ’ s polytope and least at the
boundaries between phenotype polytopes where there
is no dominance by definition. Thus, they should be
considered as guides for the design of experimental
tests and as starting points for refinement using tra-
ditional optimization methods. One way to evaluate
the accuracy of the Design Space analysis is to com-
pare results of its “titration” command with results of
traditional bifurcation analysis of the original system.
First, let me expand on some landmarks in the Sys-
tem Design Space for the predator-prey system with
b=2. The colored regions in Fig. 4A indicate pheno-
types for which all system variables N, R and G have
non-zero values. The white region between the verti-
cal Blue and Red lines, to the right of phenotypes 13
and 19, indicates phenotypes for which the variables
N and R are non-zero and G is zero; the left bound-
ary of this region is given by D=e/h, the maximum
growth rate of the predator, and the right boundary
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is given by D=r, the maximum growth rate of the
prey. The inclined portion of the Red line represents
the limit imposed on prey growth by available input
mineral Nin as well as D. Thus, the white regions
above and to the left of the Red lines can only sup-
port the growth of prey R. The area to the right and
below the Red lines indicates phenotypes for which
both predator G and prey R are zero and N=Nin. In
Fig. 4B the values of mineral N (Black), predator G
(Red) and prey R (Blue) in the original system are
shown as a function of the bifurcation parameter D
with Nin=10. The values are nearly constant for phe-
notypes 151, 55 and 7; limit cycle oscillations occur
with phenotype 19; predator levels go to zero as the
boundary D=e/h is reached; finally, the prey levels
go to zero as the boundary D=r is reached. The val-
ues of SDS-N (Orange), SDS-G (Green) and SDS-R
(Purple) are the corresponding values predicted by
titration with the Design Space Toolbox. The results
closely agree (Blue vs. Purple, Red vs. Green, Black

vs. Orange) up to the point where the predator levels
go to zero. (Once one of the variables goes to zero,
none of the variables can be determined in the current
version of the Design Space Toolbox. As mentioned
earlier, this capability needs to be added to the Tool-
box to be fully applicable to these ecological models.)
Similar results are shown in Fig. 4C when Nin=0.1.
The values are nearly constant for phenotypes 145, 49
and 1, prey levels go to zero at the boundary D=m
between phenotypes 1 and 13 (and at the inclined Red
line predicted by phenotype boundaries in the Design

Space analysis), and predator levels go to zero some-
what earlier. Note that discrepancies are greatest
at the far-right boundary. In Fig. 4D there are no
corresponding results from the Design Space analy-
sis, again for the reasons mentioned earlier; however,
the value of D at which the prey levels go to zero
match closely to the value at the inclined Red line,
as predicted from Design Space analysis. The Sys-
tem Design Space for the predator-prey system with
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b=1 shown in Fig. 4E is qualitatively similar to that
with b=2 shown in Fig. 4A. However, because the
system is much less stable the bifurcation analysis is
more difficult. For values of Nin greater than approx-
imately 0.21 the only solution is that with N=Nin
and G=R=0. The solutions are limit cycles for phe-
notypes 145, 49 and 1 in Fig. 4F and Fig. 4G, and
the values of SDS-G and SDS-N overlap. Note that
the amplitude of the oscillations increases with the
value of Nin. The results in Fig. 4H are identical to
those in Fig. 4D.

MM: The accuracy is qualitatively good and could be
made more quantitative. I grasp intuitively where
some of the boundaries come from; for others I would
like to have more details. I can see how this might
“jump-start” the study of a largely unknown system,
but can you tell me more about how do your methods
complement or extend current approaches?

MAS: One needs parameter values for a local analy-
sis of fixed points, for the propensity functions in a
stochastic simulation, and for sampling a large space
of model structures and parameters during ensemble
modeling. This is the ‘parameter values bottleneck ’
at the early stage of any analysis. Design Space anal-
ysis, which can be done without prior knowledge of
values, first identifies a model’ s phenotypic repertoire
and then predicts parameter values for the realiza-
tion of each phenotype. The ‘chunking’ of parame-
ter space, structured into space-filling polytopes with
qualitatively distinct behavior, can provide a good
starting point for most analyses. In the case of en-
semble modeling, it can improve sampling by avoid-
ing over-sampling of large polytopes that yield the
same phenotypic behavior and missing other pheno-
typic behaviors by under-sampling small polytopes.

MM: An obvious issue that arises in all modeling ap-
proaches is how it scales with problem size. How do
your methods scale?

MAS: The methods scale with the number of combina-
tions of monomials in the original system, and this can
be a large number. However, the analysis of each phe-
notype is a separate linear problem, which makes it
what computer scientists call an ‘embarrassingly par-
allelizable = problem. Without resorting the parallel
computing, we have used a laptop to analyze systems
generating millions of phenotypes. The limiting task
is typically not the analysis but the interpretation of
the results. Automatic filtering of the repertoire for
phenotypes of interest using several established filters

(Valderrama-Gémez et.al., 2018) has proved fruitful,
and others will undoubtedly find useful filters of their
own.

MM: The natural starting point for these kinds of prob-
lems is the spatially homogeneous system. How might
your methods be extended to deal with the full reaction-
diffusion models of ecological interest?

MAS: The simplest approach is to discretize space and
augment the reaction terms within a region by diffu-
sion terms between neighboring regions. The diffu-
sion/transport terms could be rational functions and
our methods would apply in principle. Scaling would
become more of an issue and depend on the grid size.
We have only looked at very small grids with first-
order diffusion constants, but we have observed spots
and stripes. I would love to pursue this topic further,
but since the efficient implementation of parallel al-
gorithms for solving PDEs is beyond my expertise, a
more serious exploration of the full reaction-diffusion
models would require an interested collaborator.

MM: I think that Akira Okubo would also be delighted
to know that you received the prize named after him.
Do you see future collaborations with mathematical
ecologists or biological oceanographers? Have you
thought about ways to get colleagues to explore using
the Design Space Toolbox?

MAS: T would be delighted to engage in such collabo-
rations, and anyone interested in the use of the Design

Space Toolbox can contact me (masavageau@ucdavis.edu)

for a Zoom meeting to provide a step-by-step tutorial.
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