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The 1927 epidemic model of Kermack and
McKendrick : a success story or a tragicomedy?”*

Odo Diekmann, Utrecht University
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1. How it started.

At the end of the 19th century, it was suspected
that malaria was not caused by bad air, as the Ital-
ian name suggests, but by a parasite. It was, how-
ever, a mystery how the parasite was transmitted. In
1897 Ronald Ross resolved this mystery by establish-
ing that mosquitos acted as a vector. Ross received
the 1902 Nobel prize for physiology /medicine for this
discovery and in 1911 he was knighted.

Ross had many talents (he wrote poems and novels,
composed music, made drawings, ...). He also was a
keen mathematician and after his discovery he used
mathematical models to show that malaria could be
eliminated by bringing the ratio of mosquito - to hu-
man density below a certain threshold value.

In 1901, Ross went on a mission to Sierra Leone
to improve the local anti-malarial measures. Among
the other people taking part in the mission, was the
25-year-old Anderson Gray McKendrick, who, after
completing medical studies at the University of Glas-
gow, had entered the Indian Medical Service and was
trained in military and tropical medicine. It seems
safe to conclude that Ross instilled into the young
McKendrick a sincere interest in both infectious dis-
eases and mathematics (the former being natural and
to be expected, the latter being catalysed by the co-
incidence that McKendrick possessed a probably even
greater talent for mathematics than Ross himself).

After the Sierra Leone mission, McKendrick served
for almost two decades in India, where he investigated
rabies in particular (the treatment of patients and
the preparation of vaccine being an important part of
these investigations). In 1920 he returned to Scotland
for health reasons and then he started to work at the
Royal College of Physicians in Edinburgh. In 1921,
the 23-year-old (bio)chemist William Ogilvy Kermack

*This lecture was presented at the meeting of the
Finnish Society of Science and Letters held in the
House of Sciences, Kirkkokatu 6, Helsinki, October
21, 2019.

joined the college. In 1924, Kermack (who had safely
completed service in the Royal Airforce during the
First World War) lost the sight in both of his eyes in
a lab explosion. It is not known to the writer of this
story when and how the collaboration between
McKendrick and Kermack started, but in 1927 the
Proceedings of the Royal Society A contained the
joint paper “A contribution to the mathematical the-
ory of epidemics” [1]. A truly brilliant paper!

2. The model.

The incidence of an infectious disease is defined as
the number of new cases per unit of time (e.g., per
day) in a specified population or geographical area
(or per unit of area). The force of infection on a
susceptible individual is defined as the probability per
unit of time of the susceptible becoming infected. A
key assumption of the Kermack-McKendrick model
states

incidence = force of infection x

size of the susceptible subpopulation

(this is a variant of the Principle of Mass Action of
chemical kinetics, see [2]; often ‘size’ is measured in
terms of spatial density, but alternatively one can con-
sider the number of inhabitants of a certain geograph-
ical area, for instance a country; the main requirement
is that ‘incidence’ and ‘susceptible subpopulation’ use
the same measuring stick).

The next step is to elaborate the idea that the
current force of infection is generated by individuals
that were themselves infected some time ago (note
that now we focus on direct host-to-host transmis-
sion rather than on vector transmission). So we want
to relate the current force of infection to the inci-
dence in the past. Here, following earlier work by
Ross and Hudson (see [2,3], also for the precise refer-
ences), [1] adopts a top down approach and introduces
as the one-and-only model ingredient a description of
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the expected contribution to the force of infection at
time 7 after infection. Here 7 varies from zero to
infinity, but common sense suggests that the contri-
bution vanishes for both small and large values of 7.
For any specific disease one may, in principle, use a
within-host model of the struggle between parasite
and immune system to provide a quantitative ver-
sion of this description bottom up. The aim of the
Kermack-McKendrick paper [1], however, is to derive
the qualitative consequences of the assumption, to de-
velop a general theoretical framework as a backbone
for studies of specific diseases.

The next assumption is that the population is de-
mographically closed, meaning that transmission of
the infectious disease happens on a fast time scale
relative to the time scale of demographic turnover,
i.e., the time scale of birth, death and migration of
host individuals (think of an influenza epidemic hit-
ting a human population in, say, a period of half a
year, while humans have a life expectancy of, say, 80
years).

The final assumption is that infection ends with
complete immunity, i.e., a host individual cannot be
infected a second time.

As a consequence of the last two assumptions the
susceptible subpopulation only changes due to the in-
fections that happen. More precisely: the rate at
which the size of the susceptible subpopulation di-
minishes exactly equals the incidence.

As shown in [1,4,5] one can derive, from these as-

sumptions, a scalar nonlinear renewal equation [6] for
the force of infection as a function of time. An analy-
sis of this equation then yields the following epidemi-
ological insights:
i) if a newly infected individual is introduced in an
otherwise susceptible population, the expected num-
ber of secondary cases, called the Basic Reproduction
Number and denoted by the symbol Ry (pronounce
as “R nought”), equals the product of the total pop-
ulation size and the expected cumulative (i.e., inte-
grated over all tau) contribution to the force of infec-
tion; if Ry <1 the introduction does NOT lead to an
epidemic, but if Ry >1 it may very well lead to an
epidemic outbreak and, if it does, a fraction 1 —x of
the host population will become infected, with z the
positive solution of the equation

x=exp(—Ry(1—1x))

ii) In the initial phase of an outbreak the incidence
grows exponentially with rate r (the so-called Malthu-

sian parameter) implicitly defined as the positive root
of a relatively simple (characteristic) equation. Note
that data about a newly emerging infectious disease
yield estimates of r while estimating the control ef-
fort needed to stop the outbreak requires information
about Ry (control reduces Ry with a certain factor
and the aim is to bring Ry to a value below one). So
it is of paramount importance to understand how R
and r relate to each other and here the dependence of
the contribution to the force of infection on the time
tau elapsed since infection plays a crucial role.

Once again, we refer to [1,4,5] for a detailed expo-

sition.

3. A very special case of the model.

If one assumes that a newly infected individual ‘en-
ters’ the compartment of infectious individuals and
— provides a constant contribution to the force of in-
fection while being in this compartment
— does stop contributing when leaving the compart-
ment
— leaves the compartment with a constant probability
per unit of time (or, in other words, has an exponen-
tial sojourn time)
one can substitute the renewal equation by an equiva-
lent system of ordinary differential equations (ODE),
called the S-I-R compartmental system (with S stand-
ing for ‘susceptible’; T for ‘infectious’ and R for ‘re-
moved’). This S-I-R system is nowadays the proto-

type epidemic model, figuring in countless textbooks.

4. Success (somewhat overshadowed

by misconception).

On September 15 2020, [1] had 7940 citations on
Google Scholar and the website of the Royal Soci-
ety mentioned that the paper was downloaded 38194
times since first published online. These figures sug-
gest that the paper is immensely successful. Yet there
are reasons to doubt that it is ever read! Indeed, an
incessant community-enforced misconception is that
the paper is just about the very special case, the S-
I-R model. A comical consequence is that time and
time again manuscripts are submitted, and often even
published, about a “generalization” that is in fact
only a slightly less special case of the true Kermack-
McKendrick model.

One may wonder why this misconception is so per-
sistent. No doubt the tendency to parrot plays an
important role. But another factor is, very likely, the
fact that ODE are the standard modeling formalism
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for most applied mathematicians and that a wealth
of theory and a multitude of tools exist for ODE,
while, in contrast, renewal equations occupy an ob-
scure infinite-dimensional corner of the world of dy-
namical systems (but see [7] for recent developments).
It is tempting to deny the unfamiliar ...

Anyhow, the 1927 Kermack-McKendrick paper is,
in my opinion, definitely a success story, but with
a tragicomical lining because the true gem remains
mostly unnoticed, despite the spotlights.

5. About motivation and attitude.

When authors of ‘generalization’ manuscripts are
told about the real contents of [1], they tend to be
irritated. Quite recently, the information even trig-
gered a somewhat aggressive reaction: you are whin-
ing about a paper from 1927, that is prehistory! The
aim of our paper is to show that we are smarter than
all those other young scientists that compete for a
tenure track position and only recent papers matter
for us. (Admittedly this is a rather free and subjec-
tive translation of the literal text, but I claim that it
captures the essence.)

Now contrast this with the picture of Anderson
Gray McKendrick that W.M. Hirsch sketches in [8]. It
is clear that McKendrick’s motivation was to fight in-
fectious diseases while building on general insights de-
rived in the context of mathematical models. His goal
was to develop knowledge and understanding and, ul-
timately, control. As far as one can guess, he was not
thinking in terms of competition. The quote of Hirsch

“McKendrick was a truly Christian gentleman, a
tall and handsome man, brilliant in mind, kind and
modest in person, a skillful counsellor and adminis-
trator who gave of himself and knew how to enable
others.”

in fact suggests the opposite!

So the most tragical aspect of the Kermack-McKendrick

story is probably not that, despite the many citations,
the paper is hardly ever read, but that the story il-
lustrates how we developed a system of evaluation of
scientific research that drives young talents to pub-
lish quickly and profusely without much attention for
meaning or for ‘old’ papers in which tremendous wis-

dom lies hidden.
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1. ELC®»IC

F2mE, HFEROEBMN & BUAFHEIZ D WT
o TAEU & 5. BERENT O T BELEY)F %2 1
RINTWDE SRS, BROFTHEINSE Z LhE
WOTU & DA, Z Ik Python 2 7ILIEHL T -
TWELWERWET.

SEONEERK 1IZRLUEY. £, Python TR
BEEE2ITS7-DDIT14 75 ThHb SymPy DREN
U E9. SymPy T D¥ROEME LTI, H1
FTHEHANEZE M- T A LT SOHBRE WaEET
VEBUEY BT Ed. Z0HRERITMTIIC iR 72
WDT, BERAEYID 51213 B HIGe A DRI 28 5 VE g
ZELTVWEXT. ZDHIZ, TTFEMEERDET.
RKIZY aCFH 2 EE L, 2 DDFM Iz DWW T DIHE
FEZRDET. I SITEHRE DL OOZET 2 N
7 MVKITHBE L £9. mfRICE £ TR
DT = A=avEoid-nweBunEd. T, Bk
DI & EMFE RV TIEARL, Python % {#i-> THEHEFA
BTPoTWEEL LD |

SymPy (fR¥FTH)

BRI
RO & Bddat R

R E - WREE T VORI FimE bl OROEE

AERBEENT X~y =2

X1 SRONAE

SEAVDEETOTHT T LDV —AT—RiX, #i
FEREALZZ D=2 —AL X —H® GitHub (https://
github.com/igenki/biomathNL) [1] (ZEWTH H 7.
Z7ANDRY v — RERESHL E LD, 5
—EMRICENTBEET. ZOR—YDL EHSIC
[Clone or download] &ZEPNZREKEDRRX VD235 D
F9. TNEIV VI LUTHTERZRY Ty Tho
Download ZIP| 22 Vw27 LTLKEEW., £59 53
EVRY MY DOANBEDNTRT zip JEAD biomathNL-
master.zip L WO LT~ TX a0 —RNTE 7.
Xora—RKW5ET U756, T 2heffE (B L

TR AN LR
PSS

T, &Y %§i[E Desktop EIZfE > 7z biomathPython
EWVWOHATID T ANVRIZBEHIEEL & 5. S
TOMPEERARDES, TNETNOFEY IO T T L%
Jupyter THWTET LTV L X BnwET.

2. SymPy

SymPy[2] I, Python DREGEHEF 1 75 V2T
BEOTOTTLE, BOBEEZITI ZeNLVWTT
M, SymPy 25 LEBBDEE (XFADFHE) %
T5ZLMWTEET. DEVxWVWIEBEZILEBTLL
THHTZFHZITAD L WO Z LT, iEiE, &
R L HIEENET. 20 BREEHE (D0
FERLEEME, B ATESY 7 by TELT
1% Mathematica, Maple, Maxima 7 &2 K 54T W
%9, Mathematica (K2 D THIITI A, Python
D SymPy TH F 2 REGIHENARETT DT, 5H
FINZHWTEHREZToTWEXT.

SymPy D\ %EHAL £9°. Jupyter T SymPy.ipynb

T77ANVERNTLSZIWN, M20a—FRRNS &8
WEF. 2OV % Shift+Enter TEIFLEL &S, &
FIDIFTsp &\ D A4RETT SymPy 71 77 Y % import
ULTHEZXBEDIZLET. RiZz WO 520
WDT, Symbol() B %> T o 2 HHREIC L £
9. 347H® print() B & b Z O XOFAMFE R TH
53+ 1 (bRALRASTHRETETVWEIA!)
PHTLKBLEWETH, ZEOEH RIZWTT.
& T, display() BI#ZMi>T3x+1 L AP T WE

D4 2 2 01 2 02205 74 L ADHTL 3 & -
9. AEMESDIF02DTANVKIZA>TWE T 7
ANTYT. 0L L RTHHELZ7 71V TT.

DPython T BV a—)] [Nw 7=V 15475
WO BENHETEET. OOEYa—)L% import T
%, YE-oLEAETY. ZO3ODEEIHF X
L, BERIZHONE Z 2 HZWTTH, [EVa—)V]
ik, (77 AXEBOERENENNTWVS) Python
DT 74N (py) DI LT, ~HBNIWVHEATT. %
DEY a—VEHBEDZLON Xy r—=U), »
OO T =Y DELFON 5475 &
ATHEHILEWVWTL &I,



In [1]:

T 5% D B RAT & BUEET R 13

(BTEX JER) 12U THAL £999,

SymPyAF3

import sympy as sp

x = sp. Symbol (" x")

print (x+x+x+1)

# display ) BEH TREPTUVEIZHS
display (x+x+x+1)

3kx + 1

3x+1
2  SymPy @D —#

RIZ x 21T TSRS, EEDOELEFSDOMENFIZDNWT
HURSTAELED. ROEBNVEFEHIDLDIZH-T
WBIETTTDT, FITLTATLEIW. 2200%D
FHaEVNTWETH, ¥55THLWTT. EDHD
HAORRIE z(z+y+2), FOHDOHIFERIZa?(b+c)
PWHTWBDONRNN1D £1.

[2]: # &S DEA
X, ¥, z = sp.symbols(x,y,z")
expr = xk(x+y+z)
display (expr)

# BEHEEEDEA (FIN—>232)
sp.var ("a, b, c")

expr = a*(b+c)*a

display (expr)

x(x+y+2)

& (b+c)
3 ERGESOEH

RIS BAfREE SymPy 2> THEHLWVWEL &S (X
4) . 2®+32%y+3xy® +y* % factor() BEEUZIET & T
TET. (r+y)P EVIEERPH IS NE LN

RIIMr 3 (K5) . diff() O 1 518U
IHELA, FE25BHROEREZRRELET. 220
z TP TN T 22, sine ¥ x THHS TN T cosz &l
ExnzeEWET.

BBIHEN FRERZMOTESWVWEL LS (X6).
solve() B# % fdi 5> C,

3 display() B%¥1& IPython.core.display & ¥ 2 —)LIZ
HENETH, Jupyter Notebook ZELHjd 5 & HEl)
Iz v R—=bEINBDT, display() &\ 5k 72
TR ET.

VAT init_printing() B E —Eid L TH L, *
DHREE display () BIfE #H31Z, 2L OREOHAE
BTEX A TERRL TN ET. SREIOFHFETITRFD
Kb PRI STV 2560 % 5 DT display()
B % 2 DEBEfi> TWE . &7z init_printing() BY
¥ Anaconda D/N—T 3 VT Ko TEEID R WHE
EHDETOT, EELTLIET W,

In [38]: | # BI#A547

sp.var(x,y,z")

expr = x#k3 + Jkxkk2ky + Jkxkyk*2 + y**3
factors = sp. factor (expr)

display (factors)

(x+y)?
4 NEO R

In [4]: # #%

x = sp. Symbol (' x")
display (sp. diff (x**2, x))
display (sp. diff(sp.sin(x), x))

2x

cos (x)

204+3y=6

Jr+2y=12
EWHHENHREREHENTES->TWVWET. 62 12%
FIIZHATLT=0% LTH 5 solve() BAEUZIEL TW
52 IZEBELTL IV, ROZEERD, {x: 24/5,
y: -6/5} koI nhs B VWET. ZoRIX
Python TIXFHE L MIENS F—XEETT. £ TH
HTLK 2D THEFIZOWTHBICHPAL TEE X7,
HELIIF—LEIEY b (RT) 1Tho72T— X1
ETY. Eoflcnex2 WS F—1zdind 3 0n
24/5 L WS, y &S F—ITHIET B DH-6/5 L\
SEE R ET.

B5 W

In [8]: | # BurmiEmz/<

sp.var('x,y")

expr1l = 2k%x + 3%y —6

expr2 = 3kx + 2%y —-12
display(sp. solve ((expr1, expr2)))

{x: 24/5, y: -6/5}
B 6 LSRR
BLET, SELEL SymPy OREDHHIZHE D D
EL7. ROHPOWEWEIAFTT.

3. OMNA-TAILTFSDORHBEWBEET

FIL DR

3.1 BRELEMRER
F1ENZE ERE, UToua b -7 43 LF 5 0HA
FHWAEETILVERNET.

— =ax —bxy,

a (1)
i =cry—dy

dt

ZZ7T, a,bc,d>0TY. TSR
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F2WDT, SRZENMTE LT, TOEHIONT
M2 RO £3. SEIL Jupyter T LV _analysis.ipynb
ERWCSEIW, TusIA4TIRE, FITBEIAT
7Y % import LT, WL L A% EHR
LET (K7). ANZETTLE fLgltAoTWS
ax—bry & cry—dy B I1ENnb LB VET.

EHES & FRADER

[1]: import sympy as sp
import numpy as np
import matplotlib. pyplot as plt

tEH THDEE
sp.var('x,y,ab,c d)

# AT sDEZE
f = akx — b¥xky
g = ckxky — d¥y

display (f)
display (g)
ax — bxy

cxy—dy

7T BROESLEH

RIZED f=0& g=0 DA FFEX % solve() BI%K
IZELT, FERzekoEd. Kgoa—Fizky, 2
DDA (0,0) & (d/c,a/b) KD, equivs &5 %
FIOEBIZHEML, BEIZequivs 2L TVWET.

f=0,g=00DRuSERZRNVTERIRZRDD

[2]: eql = sp.Eq(f, 0)
eq2 = sp.Eq(g, 0)
equivs = sp.solve([eql, eq2],
display (equivs)

[(0. 0.

[x.vD)

(d/c. a/b)]

8 i ERD D

IS DM S LT 7z SO R T R % R
£9. TOTHIIELTE B IFE/NI Ve LET.
FTREMPALZY a2 RkDET. KID K
I/ EFEE x £-13y TRBO L TRDETY. X
ICEEE F LD TTAIEATRL .

YavrinkE->7=07T, 1 ODHDFEMHETH S
r=0,y=0 COEEMHEERDTVEEL LS (K10).
FIVICHHIORTERIZr=0,y=0%2MRALEZV
TY. TDEDITHmAIDITT (x, y) L WH 175 (47
RZ M) 2D ET. ROGBDALPRILWVWTT
7, zip() BB EHWTHEBD ) A Mp 5 EEEZED
U, £EDET. WEuDFHE (x,y) TT. —4H,
equivs[0] £\ DIEX 8 TR 721D HDFAi5L (0,0)
2L ET. Zip)BEEZhsD1oHFDL, 228

Dy a~—baYyaFaloiiidks GitHub (28

W27 L2 a AT MLTHETCWE
7.

In [3]:

IETNZERDD

# I ETIDEEFZKD S
1 = sp. diff(f, x)
J12 = sp. diff(f, y)
j21 = sp.diff(g, x)
j22 = sp.diff(g, y)

# EFFRANTITINICT S
J = sp.Matrix (([j11, j12]1, [j21, j221))
display (J)
[a—by —bx ]
cy ex—d
9 Yavfizkds

FhzxedEd. I5IT2NZ list() BIETY A b
b U T xy_equivl & W5 ZATOZEHIZANTNET.
£oT, xyequivl 2135 LK 10D X 512 [(x, 0),
(v, )] I CTEET. TN Tar=0,y=0%Y 3474l
JIZRATBHEENTEE L7, subs() BIBZHS &
BRI ARATZ 2 ENTEZDT, J O subs() 4
BT xy_equivl Z5[#& UTHEREE, [(x,0), (v, 0)] A
RAZINTHERPIE>TET, £z display() BT
AU TOWET. eigenvals() BICREIGEZ KD S Z
EMTEET. EHA(0,0) ZRA LY IETTHID
[E Al L eigenvals() B TRD B & {a: 1,-d: 1} &
SEZMNHTEET. TR, K5 THTE
RERALOTTA, ZoXF—»EHME, EIEE
BIHISELESTOT, EAEZeE —d& WD ZeH
DMWY ET. LoT, EDQEAGHEDPHDDT, FAli
(0,0) IIARLEL7RD £, XD IEMEIZIE, 1D2DED
EAEE 1 >OADEEHEEZ EDDT, VA (0,0)
T

[5]: u = sp.Matrix((x,y))

# Fim (0.0) [ZDOTDEFE
xy_equivl = list(zip(u, equivs[0]))
print (xy_equivl)

display (J. subs (xy_equiv1))

evl = J. subs (xy_equivl).eigenvals()

display (ev1)
[x, 00, (v, 0]
o %]

0 —-d

fa: 1, —d: 1}

10 55 (0, 0) I DWT DEAE

FkRIZ, 2 OHDEERTH D 2=d/c,y=a/b TD[HE
Az RO-DOMH 11 T, HIFERD {-sqrt(-a*d):
1, sqri(-a*d): 1} HTWB DT, EAEMHIE +ivad
THHI NI £9. EEMEPMEHRTHY, FE
HiE 072D T, GRIEMOFEEIZE WTIE) F
(d/e, a/b) IXFRTZE L 75 0 £ T
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In [6]: |# F#is& (/e ab) 2D TDEEE

xy_equiv2 = list(zip(u, equivs[1]))
print (xy_equiv2)

display (J. subs (xy_equiv2))

ev2 = J.subs (xy_equiv2).eigenvals ()
display (ev2)

[(x, d/c), (y, a/b)]

bd
«

{-sqrt(-axd): 1, sqrt(-axd): 1}

11 S5 (d/c, a/b) IZ2 DWW T DEAE

3.2 THIEHLY DROEE

SR E DD OfFOEEE) N T NIV E W TR
fEUTAHEL &S, FTIEEM(0,0) 25 TT.

IO EMNEERSEVETDT, Y—AaA—F
DIATHRTVWEET., V—R2Aa—-RF12TEEZZ
W, F9, N7 RX—=Ka,bc,d>0DEERELET.
7 17 H T equivs[0] IZA>TW5 (0,0) N Z 1 xo,
yo L WA BEIZ ANE T, KIZLX, LY I20.05 Zf8A
U, P ih o £0.05 O &2 LoRBHIZERE L, N
2 MOV D ] A0E gridwidth % 0.01 1IZ3%E L 7.

H-13fTHIMEFROERTY. bro PP I LW
TIH, 1117HD arange() PS5 RTWEE L &
5. NumPy D arange () BAEUIIfEE S N/AZKHEAT
EWbEOMEZ R > 720l 2B L £ 9. B ORI D
3 oo5 UL, TRAtAE, ¥ 7 4E, HkE] 2RU 7.
&oT, ZZTIE, np.arange(-LX+xo0, LX+x0+0.001,
gridwidth, dtype=float) IZ &> T, —0.05%*5 +0.05
ETD0.01 ZAADEDES 2 AR L TWE T, ¢y OfF
IZ DWW T H[FERRIZ np.arange(—LY +yo, LY +yo+0.001,
gridwidth, dtype=float) IZ&>T, —0.052*5+0.05 £
TD 0.01 AADEDEH ZERKL TWET. T o
A, 13 17 H T np.meshgrid(x_array, y_array) O #kiZ
meshgrid() BIEUZE I N TWH Z A0 £9. 2
@ meshgrid() BBUZ K> T FRZERL TNV E
9. BRI, WE x array & y_array OECFIEFE U
£ 512 [-0.05, —0.04, ..., 0, ..., +0.04, +0.05] ¥ %>
TWBDTYT A, T % meshgrid() BIBUZIET Z &
THEEZRITHETFREER LTI NET. BHHELpT
FEAL £ U & 5. np.meshgrid([0, 1], [0, 1]) TH X
[0, 0], [0, 1], [1, 0], [1, 1] D 2x2 D 4 DD T i % 4
BLT<NET.

16, 17 THTRZ MVOFELZHAELTWET. U

Vg 7 il % TLX+x040.001] & & L T W F 7.
LX+x0, 2% 0.05 TR Z 5D TTA, arange()
BEMBIZEKRTHERBOME TR TLTLES D
T, +0.001 £ UTHKRTHE%Z 0.051 IZEL TV E
ER

MART MVD x5y, VERZ MOy A TY. Z
NoE AR TEHELET. U VEEF LA
5T EICERLTLZE .

212 quiver() B Zfi> T, X7 bl ZHiE X
TWET. FiH S 4 DDFBUINHFIZ T PV OIE A
D x JERE, v AR, x sy, vy LeD 7.

# SEE (0, 0) £ D DIEOXE
a_=1
_=0.01
c. = 0.02
d=1

xo0,yo = equivs[0] # -1 5T
LX, LY = 0.05, 0.05 # VM50 0 D O i (5
[a]id+ 0.05DFipH % FR)

9 gridwidth = 0.01 # ~ 727 h)LZ fii 9 2 [

10

11 x_array = np.arange(—LX+xo0, LX+x0+0.001,
gridwidth, dtype=float)

12 y_array = np.arange(—LY+yo, LY+yo+0.001,
gridwidth, dtype=float)

13 X, Y= np.meshgrid(x_array, y_array)

14

15 # fD2EE) % Sl

16 U =ax*xX — b_xXxY

17 V = c#XxY — dxY

18

19 # 70wk

20 plt.figure(figsize=(4,4))

21 plt.quiver(X,Y,U,V,angles="xy’ scale_units="xy’,
scale=5.0)

22 plt.savefig("vectorl.eps’)

0w N O O W N

V—2Z2a—F 1 Ffi=(0,0) £ b OfFDOEE)

ZDY—AA—RN&FETTBH L, K125 Jupyter
RRINEZERVET. ZOXRZ MVHRPRSE (0,0)
DT o TWD Z Wb £7.

¢/ /7 /1 VNN N
Y/ VN NN
7 /NN
0021 .~ » ¥ ¥ ¥ ¥ NN Y
O RNy
NN
-0.04 N A
NN\ V VS

-0.04 -0.02 0.00 0.02 0.04

12 FfiRT(0,0) £ H OEDEET)
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RN 2 DHDFMH R (d]c, a/b) DT NIV % i
LTAHELES. 32213 (0,0)DHALALTY.
55 DML a, b, ¢, d DIEIZKIFT DT, D
AR E T AEHITH B8, IITHETRRDET (V—
A3—NK2).

1 # PRl (d/c, a/b) £ D OfEDZEH)

2 a_=1

3 b_=0.01

4 c.=0.02

5 d-=1

6

7 xo0,yo = equivs[1] # VM5

8 xo0 = xo.subs(list(zip([c,d], [c
DAl % RA

9 yo = yo.subs(list(zip([a,b], [a-,b]))) # [ [

10

11 LX, LY = 0.05, 0.05 # V{50 0 D O iipH (4
[MliE+ 0.05DHiFH % Kx)

12 gridwidth = 0.01 # <2 ML Z i 5 [HfE

13

14 x_array = np.arange(—LX+xo0, LX+x0+0.001,
gridwidth, dtype=float)

15 y_array = np.arange(—LY+yo, LY+yo+0.001,
gridwidth, dtype=float)

16 X, Y= np.meshgrid(x_array,y_array)

17

18 # ” 0)71%ij -1

19 U=asxX — b,*X*Y

20 V = cxXxY — dxY

21

22 # T b

23 plt.figure(figsize=(4,4))

24 plt.quiver(X,Y,U,V,angles="xy’ scale_units="xy’,
scale=5.0)

25 plt.savefig("vector2.eps’)

Sd)) # AT A—Z

V23— K2 A (d/c, a/b) £ DIRDA¥ET)

FITFTHLHIIPFRREINZEEVET. MO
FH ) OPUEIXEEIOED E BN D LW
ETHDHIEDNHPS MR TEE L.

3.3 EAEEBEDOT=—_X—3Y

HIE D 1 [T, HiEH —HaEH OEAHEIEZ
I 7THFMELELZ. SEIEZZENET AT 3
YTOHRYEL TAZWEBWE T,

T2 A=y a vOREIEHEET, YA MIANEE
BTF—95NSNRIEEDL D ICIBICRRTZEIIT
I MU0 I4IZHELE LR, £V —2R
I—KR3RFT7=A=varosuarls057> 7L —
F2RUTVWET (ZHIFBALZT VTV — RO T
HEEHA). T 7L —b2HES LEDELRN
SLAT D Z A TS 230,

V—Ad—=R3D2THPSFAL £9. %Ik Jupyter
DYy 7axy ROMHEZELES. vYvrax
VR, B R % Jupyter ETHEATHEEIZL T
N E 9. matplotlib nbagg i, Jupyter ET7 =X —
VarveERRIELMRERML XY, 4, 5THTH

7
//“ﬁ\\
1/ b :‘T o
A
et
\ \
-

49.96 49.98 50.00 50.02 50.04

13 iR (d/c, a/b) £ b DfEDZET)

o JRIE  UZNCANZESZ/ (S TEBOLICHICERTTS

# FigureD{ >RV 2%0R, il AROBIEHFER '-f'a """ 1
fig = plt.figure() 1

# BUKT—HZA NI T BIHDIZ N

ims = [] ims [ ] &z
R fig =777 7
# BT —9ERk 1

I

1

im = plt.plot(hoge) mp 1| / |
|

ims. append([m)l..cb'clmsl..
BHFZBANLTLK

(AT A )

animation.ArtistAnimation(fig, ims)(C&oTIRICER

14 T=A—Yaryofillai

e 7 = A— a VIZHEZ Matplotlib 71 75 ) %
import UE79. 7-9/7HTIL, THELRUHE2EL ] &
BVTVWETY, 223 BIZIE Te DT —REERK
T3] ODEIRMMHPEKET. ZOoTa I LET Y
TU—braDTAHENTCVWERTA. 127HIZK 14
ABBLAENS ZELZ X, fig &\ D &R0
THHEBAEMHELCOET. 15T HITEET —X % A
w2732V A% ims ELWDEZETTIERL 3. &%
HNFZETT. 1T{TE» SHiZ B L TW LT
18-20 T H®D TABZR M| 12i% (x DT — R EFIT)
YyDT—REERT DLV o MENAD 7. Hﬁ’b
W T T RHI Y i23ﬁ§fﬁ{g"<%$ﬁ2bf im
ANTWEHT. %m@¢@h%w X, EBRIC
LynF— &%xm&#.ﬁ%ﬁa77fia<,%
ARNZ U720 EIE261TH, 2 RKotHESET—RIZ U7z
Dhoge X I3V v VD a— ROLEEA4 L LTfibnr
DT B XFEIIT, FHTHERIED D EHA.
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WIS 2917HDIA Y M T U M EINLT, 2317H
AT MUET. 3217H CHEHIGT — X &5EIZ
EfEo7zims WS U A MZBEMLTWEET. 35
#7H T ArtistAnimation() BA# % ffi > T3, imsiZ A
TWVWAHERT — X ZHIZRR L TWEXT.
# Jupyter ETT7 = A=Y a3 VETOZOMBE
Y%matplotlib nbagg

1
2
3
4 import matplotlib.pyplot as plt

5 import matplotlib.animation as animation
6

7

8

9

BETL LI 2 <

10

11 # Figure D1 ¥ AR ¥ A fL

12 fig=plt.figure()

13

14 # WET—REA NI T 520D A b

15 ims=]|

16

17 for i in range(MAXT+1):

18 v

19 ML U A <

20 v

21 # T — R B AR

22 # ks 7 7

23 im=plt.plot(hoge)

24

25 # WA

26 # im=plt.scatter(hoge)
27

28 # 2MITHRT — R

29 # im=plt.imshow (hoge)
30

31 # BT — &%) 2 MTE
32 ims.append (im)

33

34

35 ani=animation.ArtistAnimation(fig, ims)
36 plt.show()

V—A2—K3 7ZA—yvarv7ussL.n5rry7L—h

Python iZ &£ 37 = A= a v otilazlEL
722 ZATX () ou b A-Tx T T HREROMEE
BEEE T A —a U TAEL &S, Jupyter T
LV_animation.ipynb ZFWTL ZZ W, ALH D%
VA= F4IZHETWET. Zheise, F1E
TIAARREIED S 5 7 2 Fo kD a—F & EROT

) Artist Animation (213 2'5 7D F =KX DY X N & JE X
BWEWITERA. plot (Fihiks 7 7) Og&EE,
YA M%ERT DT, ims.append(im) T & W TI A,
scatter (BUfFX) * imshow (2 XITHEET —X) D
Wk, VA NZIRIRWOT, ims.append([im]) &
WA K[ 2D TYAMELTHETRELDD
7.

3) Artist Animation ®{%5 D IZ FuncAnimation B% %
ST =A== avOEEAEEH D £

VIV =M EMAEDEZEI R I-NIZRoTWS
ZeBRnhrbBnWET. ErSEBIZMIILTVWE
¥9. 19 EFTR Ty I — b EEETT. 11-15
THTa,b,c,d DNTA—RfEZFRELET. 18, 19
THIZHAH L HAE MK (x &y OWMHEZ
HE, 21-26FTHITA M T —iRICBET AR ETT. 34,
BFEIZH B & DIz xdist & ylist TR Z & D Fh
TNOMAEHEERLUET. KA t=0DHEHzZ2 7 =
A= a Y TCOBRADHEEE LZWDT, & yllD
WTOKZ t=0 TOmf% 38, 39iTHTENZTNAE
U ET. 40 f7H CHEiEAES (mx+imy) U, 1
WOHEGHET —ZIZLTH5ims DY A MIBEMUET
D2 TFHPSDA A VDO T for XIT X » THEE %
HEDTWE XY, 44, 45THTREZD x & y D%
HELET. WEHET—XIE 10002 1 RIEKT B 720,
S51ITHD i XXhdh £, 58-6017H1X 38, 3947HD
WIEFEUTt=025HEETOMmBEEERLT, o
Yoy DESEETERLTHSZNE 1 DOBEGIZL
TYAMIEM 6117H) & LET. 6417HIET V7
L—hERIUT=A—Y a3 v OfERNBE TS, interval
AT aiz10 2/ ELTWSDT, 10 2V REIC
MEYOFEZET., EFTEEHIENRT A=V a v
TRRINDEEVET., EEOT=A -3 v OH)
/% YouTube (https://youtu.be/8Ac7IOgN5tE) (2
BWCHBEDT, Tbok ITEI LI,

1 # Jupyter ECT7 = A=Y a3 VEITOZDIZHE
2 %matplotlib nbagg

3 import numpy as np

4 import matplotlib.pyplot as plt

5 import matplotlib.animation as animation

6

7T H# T=A=avEOES

8 fig = plt.figure()

9 ims = ||

10

11 # Lotka—Volterra AFEAIZ BB RIEEMDE S
12 a=1

13 b =0.01

14 ¢ = 0.02

15 d=1

16

17 # x &y OFHHE
18 x0 = 20

19 y0 =20

20

21 # A 7 —JEORFMIEIX 1/2008 9 5
22 nt = 200

23 dt = 1/nt

24

25 MAXT = 10 # W] i A
26 MAX_STEP = MAXT * nt # A7 v 7 O kfil
27
28 # BHx, y AT Y T s 128 Bx,
y DiEERERL, BATY THEHT S
29 s=0
30 x =x0
31 y=y0
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32

33 # 7y MIfiox &y DIEZEERTSHY A b

34 x.list = [x0]

35 y.list = [y0]

36

37 # WiZlt=00 7oy b

38 im_x = plt.plot([0], x_list, c="green”, label="x")
39 im.y = plt.plot([0], y-list, c="red”, label="y’)
40 ims.append(im-x + im_y)

41

42 for i in range(MAX_STEP+1):

43 # XA T —EDOEN

44 x_ = x + (akx — bkxxy)*dt

45 y- =y + (cxxxy — dxy)*dt

46 X = X_

47 y=y-

48 s+=1

49

50 # 10[EZ 1E T ay b

51 if s%10 == 0:

52 # BEDx,y 270y FHY A MIEM

53 x_list.append(x)

54 y-list.append(y)

55

56 t_array = np.arange(0, (s+1)/nt, dtx10)
# Rl A O ds

57

58 H#t=0D0HEFTE TV N, T A—
> a Bk

59 im_x = plt.plot(t_array, x_list, c="green”)

60 im_y = plt.plot(t_array, y_list, c="red”)

61 ims.append(im_x + im_y)

62

63 plt.Jegend() # MMIDZ R

64 ani = animation.ArtistAnimation(fig, ims, interval
=10) # 7 = A DfERL

65 plt.show()

V—23d—NK 4 fJEBEBREOT A —varorsarsIh

350 1

- X

-y

300 4

250 1

200 1

150 4

100 1

50 1

T T T T T T T T T
0.0 2.5 5.0 7.5 10.0 125 15.0 175 20.0

15 B hh-TxV7 I ARAOMEEHBED T = X —
vav.

4. BbHYIC

SNE R OB & BUEETREIZDWwWT e b -
TANT T DBE-WAREE T IV %EEMIZ Python T
WAWAX > TAE L.

IR TG AN TE S SymPy 71 77V %&ff
WE L7z, B@CFTIHRTELNATTIDT, EEIZ
X% L ZESymPy 2> T 2 HEITRHI R WHE L
NFELA. UL, FCROZBOMED SymPy % i
ZIXfEHIzTEEdIoT, FTiEE L DD, SymPy
TRMAMERZMR T 5 L WO W HIXEM»E L
TA. FAEDZ & 1%, Mathematica 7z &2 ffi>TH T
EHLEVET.

7 = A —¥ 3 vik Matplotlib DHEETX > TAHE L
7z BN 7272 DEEEE R THRDE < 7ZIF TL A,
AARR—AET V%R T = A=Y a v THHEAT N,
RTWBEFTHELWERWET. £HloaT
fEoTHAIZWERWET.

B&ICAGIH E OBEFREZMALET. BV AL
YREZEDOPNEEDARTIE, HER (REBURRE] & iR
MoXrs56%) OETIVEZDMEMNIZDWT, Python
DEFERI-RDE L ITBAIhTVET. HET
THER (1) VTR ra—RTEETOT, ko
HEFFTELZI W3], AU LAELRENEHRI N
TW3 PyCX (Python-based sample code repository
for complex systems research and education, 2% 9,
BHER DI & BE D Python DY > 7 )va—Rop Y
AT HY) O GitHub ¥ b 4] 121X, 110RD DY~
7N a—FK (pye®DT, Python DED I — RDER)
NEWTHD, HHIZZXY v a—RNT&Z %7, Python
D2/3RELLIZHHIGLTVWET. B F)La—F
DHIZIENERDETIVE S IAEENTVET.
=25 a—REESRSTY, 22ZHHa—Fzhi
RINSWAWALEHL TV TH oIz ias &
AT

7z, RELHONRITH 1L ETHMEN L ZIUMKRE
DN e A DBERAYZEE 2019 FED R = [5] D
HONAFBIEY) v 7S THEERAEYFEE  H40H

0 rA-FVTI €TV OERESEIZIETY
REEFE LR 2o ERSRULENS, RilFHEHA
TWEZTNWE, 78277 57T 28N X S5ITH
FHLENWET.

P ETHENIED D TT. FREIORFTERWN
LELED!

E
BAR 5% (HFsnG) 1%, AREcHicHZm@EL T
ok, REAMZAAY P2 FIWE LA, L&
DE#ENZUET.
D (RIEKZ) , fEIEMgE (B> A kK%,
WAEE (BERART), B UK, e
V772U, Python2 RTENNTWET. AidH T
LCW33REBERLICVANSENAH D £F
DT, THELSZEZEW.
DERIREES> Ze b TEET.




J15 5% D BT & BB 19

T (i KF)

DUTOMEZED /A XIZHAHLHEEZF zv 7 LT W
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